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Chapter 5: 


Continuity and Differentiability 


Exercise 5.3 


Short Answer (S.A.) 
1. Examine the continuity of the function f (x) = x° + 2x”-1atx=1 
Solution: 


We know that, y = f(x) will be continuous at x = aif, 
lim f(x) = lim f(x)= lim f(x) 
ia | xa xo 


Given: Axj=ax* + 2x7-1 
lim (x)= lim(1 + hy? +2(1+h)> -1 =142=1=2 
ae +0 


lim f(x)=y + 20° -1 


=1+2-l1=2 
lim f(xj= lim(1 + Ay +204 hy -1 
us | —* 

=]+2-1=2 


lim f(x)= lim f(x)= lim f(x) = 2, 
i a v1" xT 
Thus, f(x) is continuous at x = 1. 


Find which of the functions in Exercises 2 to 10 is continuous or discontinuous at the indicated 
points: 
3x+5.1fx22 


x _ifx<2 


2. atx =2 


Solution: 


Checking the continuity of the given function, we have 
lim f(x)= 3x #9 
—~ lim 3(2+h) #5 = 11 
lim (x)= 3x FS 3(2) +511 
lim Avy < vs lim <4? 
lim fe) mt i | t) , 
= lim (2) +h? —4h=(2P =4 
Now, since lim /(%) = lim f(x) # lim f(x) 
x2 X= 2 x—?* 
Thus, f(x) is discontinuous at x = 2. 
[—¢os 2 
—_ if x #0 
f (x)= x 
3: 3; PeSP atx =0 


Solution: 


Checking the right hand and left hand limits of the given function, we have 
1—cos 2x 


lim f(x) = : 


rev < 
7 1 — cos 2(0 — it) eae 1 — cos (— 2/t) 
hao) (0=hy? h—»0 he 

1— cos 2h 


h—0 iy" 
= ie 2sinh sini ,; 
hao ht ht 
_ i= pees 


— Xx 
. = cos 2(0 +)  1=-cos 2h 
= lim —————— mat 
h—0 © + hy? ~ has hh 
— - 2Qsinth = =«2 sinh sink 
ss fim z hk 4 te 
lim f(x) = 5 


As: Hen FR = ay IO) 4 


Therefore, the given function f(x) 1s discontinuous at x = 0. 


ee | 
| 2x" —3x 2 xe? 
I@)=, x«-2 
4. [> fxX=2 atx=2 
Solution: 
The given fuention at x # 0 can be rewritten as, 
\_ 2k 3x52 
f.)= 
Bx ade 2— Drv = 2) 4 Hr = 2) 
FAMSO Aa jyotirgamaya 
_ 2x + I}(x—2) byt - 
Now. v= 2 


Jim F(X) =2x+1 

= lim {2-h)+1 =4+1=5 
lim F(x) = 2x41 
_ = lim {2+h)+1 =4+1=5 


lim f(x) =5 


As lim f(x) = Jim f(x)= lim F(X) =5 


Thus, f(x) is continuous at x = 2. 


| Wael i x#4 
f (x) =4 2(x-4) 
5. z: if x=4 
Solution: 


atx =4 


Checking the right hand and left hand limits for the given function, we have 
Iv - 4 fory <4, |x - 4 =~(x-4) 
2(x — 4) for x > 4, |x - 4] =(x - 4) 


- Hes -[4- h- 4 lim ht 1 
ho 2| 4— h-4] h+0—2h 2 


Jim fy = BA maith 2 
2(x - 4) p02 40h 4] 2 

Him | f(x) = 0 

Bion fx) ® fim. fx) tim F() 


Rs i Fo) 7 


Thus, f(x) is discontinuous at x = 4. 


f= x|cos— .if x#0 
0 


6. Lote nee ory 


Solution: 


Checking the right Tr and left hand TY) for the given tits: we have 


jim F(x) = [| cos * al] ISO [T) ial JYOUl AIMAYc ad 

L 1 

: lim |0 “ices (0—h) ~ lim hi cos 

=0 : eee = wapiltare between — 1 and | 
x 


1 
lim f(x) = |x] cos — 
x—0"" Xx 


; ] 
= limhkt.cos— =0 
i 


= lim \0 + h| COS (0 Fi hn) h—0 


lim f(x) =0 
Ling (0) = im fs) = tim f= 


Thus, the given function f(x) is continuous at x = 0. 


f= 


la 
Solution: 


Checking the right hand and left hand limits for the given function, we have 


lim f(x) = |x —a] sin — 
vo y- 


tI 


; 1 ; - 
lim la -jt- aj.sin —$_—_ = lim /t.sin —— 
h—t) q-h-q ik-0 — fit 


] | 
= lim— f.sin — |'. sin (—6) =—sin 6] 
=O fy 


() x fa number oscillating between — 1 and 1] 
~ 


i 


lim f(x) = [x — al sin 


r437 y—f 


1 a 
= lim |a +. - alsin ——— = lim ft.sin— 
ho gath—-g #0 ii 
= 0) * [a number oscillating between — 1 and 1] 
lim f(x) = 0 
ka 
Now, as 
lim f(x) = lim f(x)= lim f(v)=0 


Thus, the given function f(x) is continuous at x = 0. 


| 
= oe | oe a Pe = =y ry, i % j=, ‘= oS jh —, Fi =, 
a =| "he i, i | | a | i 1 f i | | i | | | E =i | } a 1 i Pa 
is | . sh. | 1 tise J iVvLSJLIT & ¢ rir i wrt 
==," 2 |. Pt oF ket a ee ee ee ee 

— ail | Fi . i | 

Xx 
— 
ue xtO 
f(x) | ee 


0. ifx=0 


8. at x = 0 


Solution: 


Checking the right hand and left hand limits for the given function, we have 


e : c 
lim f{v) = 
r-0) ft | + el 
1 
0O-—f* — lik 
, C = 
h—-+0 7 k-Ol+e 
1+e"° 
] 1 


ho el! (1 = ein) ea iy ‘h — gt? —] 


1 l 
= ET; _ = —_ = - ] 
e -1 O-] 
' | ol 
| i) = . 
Jen i 1+¢'* 
a 
ll + Tt Wh 
= lim. = lim ah 
hod Se ha0] +e! 
Veet" 
lim = it! #4. lien a 
iooe! if (1+¢" me) " hoe +] 
I 1 


om ergs 


Him f(x) = () 

Now, as 

lim f(x) lim f(x) # lim f(x) 
emi) r=" xt) 


Thus, f(x) is discontinuous at x = 0. 


2 
* if 0<x<l 
f(x)= 1 
2x" Sx te if i<ne 2 
9, 


Solution; tar nso ma jyoti rgan 


Checking the right hand and left hand limits for the given function, we have 


x" 1-hy? 1 
Se Ie) 5 = lim S - “2 
| ee ee ts ae 
fim f0) © “or = "a <5 


3 3 

lim f(x) = 304 = 2(1)* —3(1}+— = 2-34+—-—= 
Him, f(x) (1)’ 31) +5 : 
Now, as 

| 
lim f(x) = lim f(x)= lim f(v)=— 
Lien fad= Hine fC) = Wet FO = 5 
Thus, the given function f(x) 1s continuous at x = I. 


10. f (x) = |x| + |x - 1[ atx =1 
Solution: 


Checking the right hand and left hand limits for the given function, we have 

jim F(x) = |a +|x-1| = ~ lim jl - n+|1-h-]| 
= [1-O]+]1-0-1| =14+0-1 

jim F(x) = [a +|x —]| 
= lim|1 +h] +|1+h-1] =1+0=1 

lim f(x) = [x|+|x-1| = fi]+[1-1] =1+0=4 

Now, as 

lim f(x) = lim f(x)=lim f(x) 

3" y¥—)]°* v1 


Thus, f(x) 1s continuous at x = 1. 


Find the value of k in each of the Exercises 11 to 14 so that the function fis continuous at the 
indicated point: 

f(x) 3x-—8, if x5 
1 ) 2K : Of xs 


Solution: 


aiba—5 


Finding the left 5 iy and right hand limits for the given function, we have 
lim {(x) = 3x= 


_ =m hy 8 =15=8~7 
Jim fQ) = 2k Le LTS 

i ie function is continuous atx =5 
lim f(x) = lim, f(x) 

A=) a Fee 


So, 

7 =2k 

ke 7/2=35 
Therefore, the value of k is 3.5 


2*** 16 
—_$——. ff x#2 
f (x)=) 4*°-16 


‘Kk > of e=—2 


a 43 


12. 
Solution: 


The given function f(x) can be rewritten as, 
t2_416 37:97 16 4(2* 24) 
Se PT re rer TY 
Ax) 4* —16 (2 )" —(4)? (2° —4)(2" +4) 
2 
I) = FF a 
a 4 4 4 
ir Fe lines 
pat I) hog?" 44 2744 444 
lim f{x) =A 
vo? 
As the function is continuous at. = 2. 
* lim f(x) = him f(x) 
So, ke 
Therefore, the value of k is 2 


irks =f seg 


. 


f (x)= 
if 0S x1 


13. 
Solution: 


Finding the left hand and right hand limits for the given function, we have 


fl + kx - JI = kN 


ng fel 


= lim Yectil 
r0 b 


(14+ kx)—(1— kx) 


> in —— —_—- 


+0 x fitm+ fifa] 
1+A4x-1+ 4x 


= SS 


x0 X . fl + kx + A = kx | 
2KX 
- ae iy E +ky + fl - kx | 


— 


| 
ee! 


cf 
Tea 
j 


2 


ae a =) -) Fi ; 
LL) 4 aii — 
i = - i | | | L- q V { A 


| 


o 

* or ieee gio ke 
’ 2k 

~ EU Jie MOL + TRO 

_ 2k 2k, 

V1+V1 2 
2v+1 2(0)+1 1 
x-1 : i - 7 =f 
As the function is continuous at x = 0, 
a Jim F(x) = lim f(x) 

k=-1 
Therefore, the value of k is -1 


==1 


lim f(x) = 


14. 
Solution: 


Finding the left hand and right hand limits for the given function, we have 


1—cos ky 
ysinx 
1—cosk(O—h) _ 4, cos (~kh) 

*0(0—h)sin(Q—h) **° =/nsin (-h) 

= ie 1—cos kh " sin (—8)=—sin 7 
hoo hsinh cos (-— 86) = cos ® 

2 kh 

: 2 

pas irsin lt 


bamnsouna,jyotirgamaya 


Ai FQ) ‘ 


2 sin 


: ie, ci : Z ci - h SAN h 
2 2 '  * 
sin 
_ 5, kit, M1, lim——=1and 
Se ee linn SIDAH _ 
ke Kkh-0 kh is 


lim f(x) = > 


y=" 
But, as the function is continous we have 
lim f(x) = lim f(x) 
Tim F( *—0° 


Mae & 
SO. =| «8 
21 = kel 


Therefore, the value of k is + 1 


15. Prove that the function f defined by 


x 
—., x#0 
f (x)=4 |x] +2x 
kK : £=0 
remains discontinuous at x = 0, regardless the choice of k. 


Solution: 


Finding the left hand and right hand limit for the given function, we have 


x 0) —/ 
lim f(x) = — - lin ——— 
x0" Inj +#2x° = 4-0 0 = h| + 2(0 —h)° 
~—h =a 
= lim— + = im —— 
h-+ 0 4 Dfre h—0 hl = 2/1) 
—1 —] 
= lim ——= =- 
k301+2) 1+ 2(0) 
0+} 
lim f(x) = eg lim eee 
40" lxf+# 2x? 0 [0 + ef] + 200 +h) 
1 h 1 
= lim ——; = lim ————- = =] 
h—O ft + 2h* h->0 11 + 2h) 1+0 


lim f(x) # Jim, fQ) 


Now, as the left hand limit and the right hand limit are not equal and the value of both the limits are a 
constant. 
Hence, regardless the choice of k, the given function remains discontinuous at x = 0. 


16. Find the values of a and b such that the function f defined by 


x-4 ; 
: +a ,iux<4 
jx—4 
f(x)=4at+86 af a2=4 
_A | 
“+6 if x>4 


is a continuous function at x = 4. 
Solution: 


Finding the left hand and right hand limit for the given function, we have 


Pg eae eee 
eet F(X) a la - 4| 
_. 4-h-4 Jon 
= lim —— +a = lim —+a=-lta 
hi 4—h-4| kw ff 
lim f(x) =a+b 
x4 4 
dim, f(x) = ; =a 


4+)/;-—4 


= lim +h = lim te 
0 |4+h—4| h0 fy | 


As the function is continuous at x = 4. 
lim f(x) = lim f(x) = lim f(x) 
xt r+ 4" i ae 


So, -l+a=a+b=1+b 
-l+a=a+band1+b=a+b 
We get, b=-l and1l+-l=a+-l>a=l 


Therefore, the value of a= 1 and b= -1 


17. Given the function f (x) = 1/(x + 2) . Find the points of discontinuity of the composite function 


y=f (ff (x)). 


Solution: 
Given, 
| 
We) = 3 | 
fU®@)] = Tack . = : ESE . a 
Yor? Kar 2 =e 
AUF av 45 


Now, the function will not be defined and continuous where 
2x+5=0>5>x=-5/2 
Therefore, x = -5/2 is the point of discontinuity. — 


| | I 
18. Find all points of discontinuity of the function —_/ (‘)=—,-_. , where ‘=—_ 7: 
Solution: r+f—2 x-l 


Given, f(t) = 


MP at—% 
] , 1 
= fit)= Sg —_—— puting =) 
. _— x-1 
(x-19 (x1) 
1 (x-1)° 
1+x-1-2(x-1)' x—2x* -2+4y 
(x -1)’ 
(x -1) (x -1)° 
~ 99° 45x=9  s (2x? —5x + 2) 
7 (x-1)° ._ =e 
—(2x°-4x-—x+2] —[2x(x-2)-1(x=2)] 
(x -1)° (x -1) 


—(x-2)(2x-1) (2-—x)(2x-1) 

Now, 

if f(t) 1s discontinuous, then 2—x =O >x=2 

And, 2x -1=0>x=% 

Therefore, the required points of discontinuity for the given function are 2 and 2. 


19. Show that the function f (x) = |sin x + cos x| is continuous at x = p. Examine the differentiability 
of f, where f is defined by 
Solution: 


Given, 

f(x) = |sin x + cos x| atx =7 

Now, put g(x) = sin x + cos x and h(x) = |x| 

Hence, h[g(x)] = h(sin x + cos x) = |sin x + cos x| 

Now, 

o(x) = sin X + COS X 1S a continuous function since sin x and cos x are two continuous functions at x = 7. 
We know that, every modulus function is a common function is a continuous function everywhere. 
Therefore, f(x) = |sin x + cos x| is continuous function at x = 7. 


| NS eden 0Xx<2 
20. ae (x—I)x, if 28x<3 a 


Solution: 


(x=2. 


We know that, a function f 1s differentiable at a point ‘a’ in its domain if 
Lf’ (c) = Rf’ (c) 


where cy= lim 
Ly“(c) = tim 


Rf (c) = lim fed Ao 


fla- Fag 
—h | 


at x = 2, 


x[x], if0¢x<2 
Here, f(x) = 


(x —1)x, if 2S <2 


aty=? 
Letey= tim LE OF) shire 
: art —} h0 alt 
= lim (2—f).1—2 is [2 = It] — 
ho — 
= 2 —/1-2 = 
h— — fy 
Rf"(c)= Li ive Saal Ta A 
had I 
gp MER = 2 +h) (212 
: il hy 
my (LE AY2 +H) ~ 2 _ 
he I iy 
= lim Sh he = A(3+h) _ 
hv it eee. hh 


Lf“(2) # RF “(2) 


Therefore, f(x) is not differentiable at x = 2. 


ve : 

| x” sin— ,if «#0 

21. Jfy— | * 
0 


tee 
atx =O. 
Solution: 
a 7 etamsp_ma jyotirgamaya 


0, ifx=0 
For cifterentiability we know that: 
Lf“(c) = RF*(e) 
1 = jim £0- =m) £0) 


ia —— 8 Pe 5) 
_ ht) 50 0h) .* sin| h 


h0 —h —h 


1 
ht.sin (4) = 0x|—1sin (F)s1] 
h h 


= 0 


RF‘(0) = lim 


HI 
S 
— 
= 
te 
= 
= 
ee 
| 
a 
| 
3 
= 
eo 
= 
| 
— 


il 


Oxf <sin }s1] =0) 
H 
Hence, Lf ‘(0) = RF“(0) =0 
Therefore, f(x) is differentiable at x = 0 
| lex sf xS2 
pe I(x) Sa di > 2 
ato 2. 


Solution: 


We know that, f(x) is differentiable at x = 2 if 
Lf (2)= Rf“(2) 


em Kh) fl2) 
fer in — 
Py (1 42 — ft) ~ G2) SJ; 3=—h-3 ay 
A - eS of —fi nal 
Ry" (2)= in tains tir 
| OUlSa AVA 
= lim p Mendy le 
h— [i ho 0 
- Ge 
ho 


So, Lf (2) # RF(2) 
Thus, f(x) is not differentiable at x = 2. 


23. Show that f (x) = |x — 5| is continuous but not differentiable at x = 5. 
Solution: 


Given, [(X) = IX — 5) 
—(x-5)ifx-5<Qorx<5 
= Ae | v-5ifx-5>0orxv>5 
For continuity at xv =5 
L.H.L. lim f(x) =-(4-5) 
= lim — (5 - h-5)= lim h=0 


RH_L. tim F(X) =7y-5 
lim (5+/—5) = lim =0 
k=O ho 


L.H.L. = R.H.L. 
50, f() is continuous at x = 5. 
Now, for sii: 
f(5—h)— f(5) 
rab — fy 
siRahabs)—(pe | 
=(5~h~5)~(5-5) Aa __ 
hoo —ft hoo—ff 
Ry“(5) = lim A{(5 + hi) — (5) 
; ka h 
| (5+ /-—5)-{5-5) xifim n-O 4 
hi it io ft 
Thus. LFS) # RE“(5) 
Therefore, f(x) is ee differentiable at x = 5. 


i 


24. A function f : R > R satisfies the equation f (x + y) =/ (x) f (y) for all x, y ER, f (x) #0. 
Suppose that the function is differentiable at x = 0 and f' (0) = 2. Prove that f’(x) = 2 f (x). 
Solution: 


Given, 
f:R-R satisfies the equation f( x + y) =f (x) f(y) for all x, y ER, f(x) 40 
Let us take any point x = O at which the function f(x) 1s differentiable. 


FO +h) — FCO) 


: £O)- fh oo 

“ in SID aa ry) fos “O° 
= pin, ROLF 
Now, f"(0) = | my A 


= lim LOI) = FR) & F(x+ y)= FO) Fy )| 


h+0 h 


= lim fan = 2f(x) from eqn. (1) 


i) 


Therefore, f(x) = 2f(x). 


Differentiate each of the following w.r.t. x (Exercises 25 to 43) : 
00s" x 

25. * 
Solution: 


* 
y= geese 


Lek y 
Taking log on both sides, we get 
log y = log 


aes r 


=> log y = cos*x log 2 


Now, 
Differentiating both sides wer.t. x 


st 
a 3 


, ad 
= low 2? | 2 cos ¥.— cosa 
Oe S at 


- = log 2 [2 cos x (—sin x)] 


= = log 2 (—-sin 2x) 


Jee te [te fe 
& S/S 5/42 5 


—~ =—y.log 2 sin 2x 


ay 
dy 2 , 
Thus. a. -2°* * (log 2 sin 2x) 
ia 
26. * 
Solution: 
x 


“*  tamso ma,yotirgamaya 


Taking log on both sides, we get, log y = log 
vt 


=> log y = log 8*-logx* = log y= x log 8-8 log x 
Differentiating both sides w.r.t. x 


: : 8 | 
Sgr. og 8.1-2 = ay y| logs 8] 
y ax X dx 4 


- log [a+ jx? +a] 


Solution: 


Let y = log (x +x? +a) 


Differentiating both sides wort. + 


= ste 
a aay 
xaafx* +a “dy 


| 


X+yx° +a 


18 log | log(log x )| 
Solution: 


Let, ¥ ~ log flog (log x") 
Differentiating both sides w.rt.x 


ne * ABENSS | ma jyotirgamaya 


] 
~ Tog (log x") a” @ tog (log, - “4 
= — x" 
log (log.x°)  log(x") dv 
1 J 1 - : 


~ log (log x ai log(x° ay x 


1 ae or 
5, “ay EON 
log (log x") log(x") 2x 


ba 
x log (x°).log (log x°) 
Thus, 4 _ : 


ax x log (x" *).log (log x") 
ss sinvix +cos’ Vx 
Solution: 


Let y = sin Jx + cos* Vx 
Differentiating both sides w.r.t. x 


dy dy pm a 2 
ae Gy (sin Vx) + =-(c0s Jx) 

i lees =_-(cos x 
cos /x .—= + 2. cos /x(- nvx)4 Fras 


ll 


ah 
cos vx - 56 sin fe. 


: cd avr 
_ cos vx x sin 2x 
oe 25% avr 


Thus ay cos Vx | sin 2x 
dy ax ay 


30. sin" (ax? + bx + c) 
Solution: 


Let y = Sin" (ax*+ bx + c) 
Differentiating both sides w.rt 1 


- ane HHINSO Ma jyotirgamaya 
=n.sin" '(ax? + bx + o) sin(ax> + by +c) 

= n.sin"~ '(ax* + by + c).cos(ax* + bx +c), “ (ax* + bx + ¢) 

= n.sin" (ax? + bx + c).cos(ax* + by + c).(2av + b) 


Thus, “ = n(2ax + b).sin" (ax? + by + c).cos(ax? + bx + ¢) 
x 


31. cos( tan x+1) 


Solution: 


Let y = cos(tanvx+1) 
Differentiating both sides wir.t. x 
dy de — 
a 7 008 (tan vx +1) 
—sin (tan vx +1).— ae 


= ~ sin (tanvx+1). sec” /x +1. < Jee] 


il 


~sin ™ Jx+1).sec* Jx 
sin (tan vx- +] i). sec’ 


Res 
Thus. dy = 
adv ->F +] 


32. sin x” + sin? x + sin? (x”) 
Solution: 


Let y = siny’ + sin? yx + sin’(1”) 


Differentiating both sides w.r.t. x, 
dy d 


ay = sin(x®) + sin? 1+ sin?) 


; a @ x 
= cosx* A(x") +2 sin x (sin x)+2 sin (x") 5, sin(x*) 


qd. 
4 Py 7 ‘I | da 
= 08 1.27 +2 sin v.cos ¥ + 2 sin ¥~.cos 1. ae ) 
7a 4 ‘ F 7 i 
= ?71.cos x + sin 2i + 2 Sin cos X.2Y 


dy 
Thus, 7 = 2y.cos x° + sin 21 + 2x sin ex 


Solution: 


Hf ola amso ma jyotirgamaya 


pe 1 
Let y= sim ees? 


Differentiating both sides w.r.t. x 


—_: ] 1 ad 1 
sin) |) —= 6 O—eEee————— 
dx ax Jx+] -( 1 } av\ jx +1 


1 a -12 
—(x+1 
_ a ix 
¥+1 
1 =I -372 a 
= —(X4t1) °°. —(v +1 
x¥+1-1 2 ey le ) 
x+1 
Jx+l —j 3/2 
= Jr Zz ietd ~ 
7 - Pinnly + 7% 1 - 1 
25 de (x41)? a eT) 


dy 1 
Thus, —_— 2 
dy 2Vx(x +1) 


34. (sin x)©S* 
Solution: 


Let y = (sin x)? * 
Taking log on both sides, 
log y = log (sin x)** 


=> log y = cos x.log (sin x) [-- log x" =) log] 
Differentiating both sides w.r.t. x, 

l@ SS Fess 
—,— = — cos Vilogdsin x 
rig: ae og (sin x) | | 
1 WY cost A jog (Sin') + ok botany) Voor | QAMAY A 
y ax ax | aX 
ee = COS vi (sin x) + log (sin v).(= sin x) 

= yi ae cotx. cos ¥—sin x . log (sin x) 

dy 


= = y [cot x.cos x — sin x.log (sin x)] 


lage 
Thus, a = (sin x)" a : - sin x.log (sin ,) 


35. sin™ x . cos" x 
Solution: 


Let y = sin” x . cos” x 

Differentiating both sides wrt. a 
a Af egim v.cos” \) 
dx dx 


d d 
- sin” x.—(cos” x) + cos” x.— sin” x 
a! dx 


‘ - d -_ 
= sin” x.n.cos"~' x—(cos x) + cos" x.am.sin’”~! x 
ay 
es. 
—(sin x) 
dx 


= n.sin™ x.cos"~ ' x.(— sin x) + mt.cos" x.sin” 
= —nsin™*' x.cos"~' x + mr cos") ) x. sin™~ !x 
a . sin x COS X 

sin” x.cos” x| —n—— +i. — 
COs ¥ sin x 


d 
Thus. ro = sin” y.cos" x[=n tan x +n.cot x] 
x 


36. (x + 1) + (x + 2)° + (x +3) 
Solution: 


Let y = (¥+ 17 (x + 23x + 3) 
Taking log on both sides, 
log y = log [(v+1)* (x42) (x +3)'] 
log y = log (x + 1)’ + log (v +2) * log (w+ 3) 
[log ay =log ¥+ log y| 


ween BO TETTTSO. al py@hirgZamaya 


Di Herentiating both sides w.r.k. x, 


1 dy » g d | | 
LD 5 Bost 4 1)4 ao eet £9) 14 oe 8 
y dx gy obit tts logta te} 48 | loge ts) 
ee i 


i = 2,.—+3.—_ +4, 
yo dx 4+1 x+2. 


¥+ 
dy _y _? 
dy | X41 +54 v+ 


sini d 2 3 4 
eT Oe oe: at] 4 _ 
= ay iii al: alas eareraeest 
= (x +1)(x + 2)'(x + 3) 
2(X+2)(X+3)4+ 3x +1)(X +3) 4+ 414+ 1X +2) 
(xX + 1)(x + 2)(¥ +3) 


= (x + 1)(v + 2)°(x + 3)'(207 + 10y + 12 + Bx? + 12 +9 
+ 4." + 12x +8) 
= (v + 1)(v + 2P(x + 3)°(9n* + 34y + 29) 


Thus, oe = (¥+ 1px t+ 2)?(x + 3)(9x7 + 34x + 29) 


_,{ sinx+ecosx ) —T ri 
eos Eee 
37. 


J2 4 4 
Solution: 
Let y= cos! —*) 
J2 
= cos! +s sin x + : cos 7 
V2 
= cos | sin — sin x + cos —.cos 1 |-cos"*| cos( - 
es E _m 
y = 4 : 2 4 
Differentiating both sides w.r.t. x 
Thus. ay sis: 
ay 
i TT Iv 
tan =—< x= — 
4 A 
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Let y = 


i 
a 
= 

i, 
| a | 
— aa 
ne 
3/8 
ae 
Li aimee 


¥/2 --]—cos x =2sin* x/2 
1+cosx=2cos* x/2 


| sna “| : 

= tan © |——— | = tan™*| tan— 

cos 1/2 2 
x 


Thus, !/ = > 
Differentiating, both sides w.r.t. x 
dy 1 ] 
= >—(xX)=-—.1=-- 
dx Teo 2 3 
Hence, “y _ 1 
dx 2 


4 — tT nT 

tan (sec x+ tan x),——< x<— 
39. 2 2 
Solution: 


Let y= tan’ ‘(sec x + tana) 
Differ a both sides wart. x 
diy 
— = —TItan ‘(sec v + tan x 
ele ee 


= > = £4. °@ y+ tan x) 
1+(sec x + tan x)" ev 


| 
14sec’ x+ tan’ x+2secx tanx 


(sec x tan x + sec x) 


1 
= a _GLnnnn nn SOC Aaa sence x 
(1+ tan? x) +sec* x +2sec x tan x 
I a 
Se SOE AAR NF S8E 2) 
sec’ ¥+sec” v+2secvtany 
1 


eer Elta sec x) 
2 5e@=Y ra V tanx 


= seo (tanrxe see ry = 


aces ma jyotirgamaya 


‘Thus. o 5 
| acosx—bsinx ) 1 TT ae 
tan~ | —_£.—— | -—<x<—and—tanxy >—l 
- bcosx+asinx 2 2 b 


Solution: 


ba i> tan" ( oe 


beosxy+asiny 


boosx bhcosx 


Te bsin x 


= tan” : 
heosx asinx 
+ 
beosx hcosx 
in tan”! 
y= tan”! 


= y= tan) lx 
Differentiating both sides with respect to x 


dy d 8) a 
-| tan” — | -—(x) =0-1=-1 
[tan h a 


Solution: 


, 1 
Let y = sac = 
, [= = | 


Putx=cos@ ..@=cos''y 


2 y-we'(teasp ma jyotirga 


y= see 1] |: cos 36 = 4 cos*8 — 3 cos 6] 


y =sec | (sec30) = y=30 
y=3cos''x 
Differentiating both sides w.r.t. x 


maya 


Solution: 


, cdl oa =%9 
Let y= tan” 


Putx=atan® z 


? 


pombe atan@-—a’ tar | 
y= lan- 


a —3aa° tan’ 8 


3a" ee tet a fan? —a° tan" *) 

y= lane 
 g? =3a" tan? 6 

y= tan! Stan 0 ~ tan’ @ 
. 1-3tan? @ 

| 3 tan6—tan* 
y = tan“ ‘[tan 38] | + tan apc ee — ten 

1-3tan’@ 


=> y=30 y= 3tan = 


Differentiating both sides w.r.t. x 


ay 3. = (ta an *) 
ax a 


- come ai d {=) = a J I 3a 
it 


iI 


ros 1iX ae Xe a 
“étamso ma jyotirgamaya 
Tis, a 


freee 


are 


par —lexr<lLx20 


.,{ cosO+sin®@ 
p= a) ———— 
cos @—sin@ 


cos 8 ss sin 6 
cos8 cosé. 


cos@ sin 
cos8 cosé 


-— - 1+tan 4 


1=—tan@ 


tan x + tan 6 
If = tan”! — FL. 
1= tan q tan 0 


ri iv 1 i, 
~ 7A Z¥ 3 
Differentiating both sides wrt. x 
— —_—- ——— | = | == a ry | rry 7 rm, 4 meo7arn aus 
ax al 4 t SG, r ) | ld | yy ULI — cl Safe! y ct 
| -1 d,. —1.27 x 
= ()+—-x— —f(: ae me dell ; 
2 y-x* ay ot) ee 1—x 
ly x 
Thus, — = - , 
dx Jl - 


Find dy/dx of each of the functions expressed in parametric form in Exercises from 44 to 48. 


. l 
4. re t 


Solution: 


Given, 
x=t+I/,y=t-IA 
Differentiating both the parametric functions w.r.t 0 


ax 1 dy 
— = l-—, 2 a 1+— 
dt t?" dt i? 
dy 1 
dy a Pe _ r+ 
dx a 1 a Fa 
dl i? 
Thus dy - ie 
dx (-1 
— (ors } y=e" [°-6 
45. : : 
Solution: 
Given, 


‘(org) "(-5) 
‘= ¢ |8+—|, y= omer 
: | ay YS ee 


Differentiating both the parametric functions w.r.t. 0. 
a7 * 
—=¢/1- +) 60+—|. 
dé e a) 

=. 3 
dx > [1-04 t oe tte £8 +e 
do 9° 0 8° 
_ (O° +6° +8=1) 

Q- 


e(e-2}tamSO Ma Jyotirgamaya 


ay 914+ alg—2 ee 
7" e [1+ t}+(6 x (He ) 


2 4 43 
4 t{iedost}oea( Prices 
do 6 9 9 


_—_ 
iH] 


_p(-@ +0° +641) 
= ¢€ ge 


: {= 9° eee 
dy — dy/d 0° 
dv dx/d@ sg (8° + 0° +O-1 
ec 92 
Sie ~@° +97 +041 
9° 407 40-1 
Ths dy e728 (—9* +6464) 
nt @* +.6° +0-1 | 


46. x = 3cos0 — 2cos°0, y = 3sinO — 2sin°0. 
Solution: 


Given, x = 3cos@ — 2cos°0, y = 3sin0 — 2sin°0. 
Differentiating both the aaa functions w.r.t. 0 


7 = ~3sin 0-6 cos 9.5 (cos 6) 
=—3sin6- ey sin @) 
=—3sin 8+6 cos*@.sin@ 

dy 

— = 3 6 sin? 0.— ng 

710 cos 6 — 6 si (sin 6) 


=3cos @-6sin’6. pall 
dy — dy/d@___ 3.cos®—6sin* @ cos @ 
dx = dax/d® = — 3 sin 9@4+.6 cos’ 6.sin@ 
dy _cos@(3-6sin*@) _ cos | 3~6(1—cos” 6) | 
dx sin @(—3+6 cos” 8) sin @| -3+6 cos’ 0 


b+6 
ero ast eee - [een 


it 


3+6 cos’ 6 3+6cos* 0 
= cot 8 
Thus, 4 _ cot 0. _ 7 _ 
x “““tamso ma jyotirgamaya 
sinx= y= a 
a7. —s At? 1-7? 
Solution: 


Given, 
sin x = 2t/(1 +t’), tan y = 2t/ (1 —t’) 


Now, taking sin y= 


1+f 
Differentiating both sices w.r.t t, we get 


sa ie | 
(1+ 8°). = -(2t)— 2b. (1+ 4°) 


cos LA 
dt (l+Py 

dy 2(1+1°)-2¢. 2 
cosxX.—— = —————_— 

dt (1+?) 


dy 2+2°-4t* 1 
dt (l+iy 9 cosx 
as 
dt (+r) Jl—sin? x 
dx 201-¥) 


= x 
di (aery 


dy _ 2(1—t*) 7 1 

di (+r) fase? 4p 
dy 2a") —™ 1+t 

dt (14P)° ~ 4p 


dx 20 -EOtt) 

i. a a PE 

dx _21-#) 

dt +®) Ja-ey 

am 20-f) 1 ax 2 
F Shea Oo al ee 
dt (+t?) G-F) dt 1+t 


Now taking, tan y= 2 


famsg_ ma jyotirgamaya 


Differentiating both side we 2 


d a | 2 | 


=. Mg ahs a cyt! 
sec'y 7. = a-Py 


sec" yo APP 


dy = 2-2t* +4t° 

a ay 
dy 243)" 1 
dt (1-fy sec? y 


i ) z 
dy 2+) 1 


dt —f)? 1+ tan? y 
dy — 2+t) — 


14+| — 
1—+* 


dy 2+) 
dt a-ry (a-Py+ar 
(a 


dy — 21+8*) i—-Ky 

dt Py 14 +2 +4e 
dy ar+i?) | qa-y 

dé (1-8)? 1484217 


dy 2146) (1-#) : 
=¥ A px st = & 
dt (1-t) (14#7) dt 
Be 
dy _dy/dt +P. 
a) 
Tet? 
ee 
dt 


l+logt 3+2logr 
—— | a, 2 


4s. yo t 


Solution: ee _. bee ee na 
tamso ma |yotull samaya 
On differentiating both the given parametric functions w.r.t. t, we have - 

cit . ia 


a fA | 
= ——— = a 


| eo 
(}1-2-2logt] -(1+2logt) 


3+2logt 
— 


Next, 


dy 
di t° 
— t(2/t)—(3 +2 log t).1 


* 


= 


Sr eT eet _ tee 


* te 


d_ sae digs 
te (3 + 2log t)—-(3 + 2 log #).7 Ct) 


—({1+2 log?) 
“dx dxfdt «~—(1+2logt)  ?~ 
Thus. dy ar: ag 
dy 
49. If x = e©°™ and y = eS’, prove that dy/ dx =—y log x/x log y. 
Solution: 


l 


Given, 

x= et andy =e 
So, cos 2t = log x and sin 2t = log y 

Now, differentiating both the parameter functions w.r.t t, we have 


sin2t 


ax cosy Al 7082 | 
ued et — (cos 2f) = ps?! (— sin 21)-© (21) 


a at 
aa ci 2) P= Det | cin Bt 
Now; y = ean ai 
cil sin zt al . ed ad 
— =f e——( SIN 2t = | sink ot CO ee ies 
a 7 ) = e""*" cos 2t =, (2) 


="! cos 2f.2=2 ¢%"*!, cas 21 


dy  dyldt 2c" cost p=e™7xcos 2t 9 _y COs 2F 


"dx dx/df\. —2e°?' sin on e°F2F cin 2p ~¥ Sin 21 


- y log.x He cas 2t = log x 


ay ¥ lop y : 


50. If x = asin2¢ (1 + cos2t) and y = b cos2t (1-cos2t), show that 
Solution: 


Given, 
x = asin2t (1 + cos2t) and y = b cos2t (1—-cos2r) 
Differentiating both the parametric equations w.r.t t, we have 


4 
, | 
a | | 


ay 
ax... 


= 


dt 
= alsin 2¢.(—sin 2t).2 + (1 +cos 2t)(cos 21).2] 


= a[—2 sin 2t + 2 cos 2t +2 cos* 2f] 
= pl2(cos* 2t — sin? 2f) + 2 cos 24] 
= a[2 cos 4f + 2cos 21] [*" cos 2x = cos" ¥ - sin* x] 


= 2a[cos 4t + cos 21] 
Now. |/ = & cos 2¢ (1 — cos 21) 


dy _ of sin2t + cos 2f) + (1 + cos 21) sin 2 


dy iy lt. | = - 
— = b| cos 2f.—(1—cos 2t) +(1—cos 2t).—(eos 2f). 
a i cos oer cos 2f)+(1-—cos (608 21] 


= b[cos 2f.sin 21.2 +(1—cos 2t).(—sin 2f).2] 
= b[2 sin 2t.cos 2f — 2 sin 2¢ + 2 sin 2t cos 2F] 
= h{sin 4-2 sin 2t+sin 4t] [~ sin 2v=2 sin x cos x] 
= b[2 sin 4t - 2 sin 2t] =2b (sin 4t—sin2f) 

dy _ dy/dt  2b|sinat—sin2t] _ b E 4t = 4 


dx  dx/dt : 2a |cos 4f + cos 2¢| — a@| cos 4t + cos 2b) 


Putting, f = 7we et 

mal nol save eink | 
(a8 b sin 4{*)~sin2(*) 6b sin sin, 
AX) re™ 8 () (=) A aa us 
tre 4) = 14+ cos 2.) — cos ] + cos = 
r COSA! Z| + 008 2.) 7 | > 

_b| O-1|_ bf-1) 4 

a) -—1+0 al-1) 2 


31. If x = 3sint — sin 3¢, y = 3cost — cos 3¢, find ie. at f= 
Solution: ; | a 


| 
tie 


‘13 
F 


= en a ee ——s, =, 1 i & = 
| : ut 1 | | | 1 et! F i} 
J . ff } | i ik ry 
= \ a fe es | | | | 
| Py f = i | | w | | | | | 
\ | ! i! J | Sof Fj a: a q 
1 ‘ ; os 
a | F 
F F 
, -_ 


La a | | a=, 3 


Given, 

x = 3sint — sin 3t, y = 3cost — cos 3t 

Now, differentiating both the parametric functions w.r.t t, we have 
“ = 3 cos f — cos 31.3 = 3(cos | - cos 36) 


re 
- = ~3sint+sin 31.3 =3(-sin t+ sin 3t) 


ee _ | - j ' 
F | : i 1 | | ri 
| y — ) | 1 i — 
, | | ii t Fi | i 
| - = | | 1 
" 


So. ay 7 dy/dt _ a sin f t sin St) | = sin t + sin 3t 


dx  dy/dt 3(cos t — cos 3f) cos f — cos 3f 


: it 
Putting, {= 3 


— sin S + Sin 3 =] 
3 3 


rytsinn 240 
: 77608 F : aan) : 
a -] 
Thus, = . RB 
52. Differentiate x/sinx w.r.t sin x. 
Solution: 
Let y= and z=sinx, 


Ditfereniating both the ” ametric functions w.rt. x, 


dy sin ¥. & (x)= < (sin x) 


ax (sin x) 
_ Snx.1—X.cosx  sinx— X COS X 
sin” x sin” x 
oe cos Xx 
ax . 
sinv¥—-xX COS 7 
dz dizi COS X sin* x cos X 


io. — Ss 
sin” 1 COs yt sin” +cos x 


=: tamao-ma jyotirgamaya 


Sm | 6M Xk SIn- Xv 


Things, 2, = 
dz sin? x 


l+x° -1 
53. Different tan i w.r.t tan! x when x # 0. 
Solution: | 


and z=tan 'y 


— on (EE 
x 


Now, put ¥ = tan 0 


iin a 


and z=tan ‘(tan @)=8. 
tan 0 
tan 6 
1—cos@ 
sin 8 


2sin* __ 2sin® 6/2 = Raat sin 6/2 
2 sin 0/2 cos 6/2 cos 0/2 


| 8 @ 
=> y = tan mas Sy 


2 
Differentiating both parametric functions w.r.t. 8 
dy 1d 
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